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Abstract. New exact quasi-classical asymptotic of solutions to the ݊-dimensional Schrodinger 
equation beyond WKB-theory and beyond Maslov’s canonical operator theory is presented. 
Quantum jump nature is considered successfully. We pointed out that an explanation of 
quantum jumps can be found to result from Colombeau solutions of the Schrödinger equation 
alone without additional postulates. Such jumps, does not depend on any single measurement 
of particle position ݍሺݐሻ at instant ݐ and completely obtained only from Schrodinger equation, 
without reference to any phenomenological master-equation of Lindblad form. 
1.Introduction 
A number of experiments on trapped singleions or atoms have been performed in recent years [1]-[5]. 
Monitoring the intensity of scattered laser light off of such systems has shown abrupt changes that 
have been cited as evidence of "quantum jumps" between states of the scattered ion or atom. The 
existence of such jumps was required by Bohr in his theory of the atom. Bohr’s quantum jumps 
between atomic states [6] were the first form of quantum dynamics to be postulated. He assumed that 
an atom remained in an atomic eigenstate until it made an instantaneous jump to another state with the 
emission or absorption of a photon. Since these jumps do not appear to occur in solutions of the 
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Schrodinger equation, something similar to Bohr's idea has been added as an extra postulate in modern 
quantum mechanics. Stochastic quantum jump equations [7] were introduced as a tool for simulating 
the dynamics of a dissipative system with a large Hilbert space and their links with quantum 
measurement. The question arises whether an explanation of these jumps can be found to result from a 
Colombeau solution ሺȌఌሺݔǡ ݐǢ ԰ሻሻఌ of the Schrödinger equation [8] alone without additional 
postulates. We found exact quasi-classical asymptotic of the quantum averages with position variable 
with well localized initial data. Note that an axiom of quantum measurement is: if the particle is in 
some state ȁȌ௧ǡఌൿ that the probability ܲሺ࢞ǡ ߜ࢞ሻǡ ࢞ א Թௗ of getting a result ࢞ at instant ݐwith an 
accuracy of ԡߜ࢞ԡ ا ͳ will be given by 
 ௧ܲሺ࢞ǡ ߜ࢞ǡ ࢞଴Ǣ ԰ǡ ߝሻ ൌ ׬ หۦ࢞ᇱȁȲ௧ǡఌൿหଶ݀࢞ᇱԡ࢞ି࢞ᇲԡஸԡఋ࢞ԡ ൌ ׬ ȁȲఌሺ࢞ᇱǡ ݐǡ ࢞଴Ǣ ԰ሻȁଶ݀࢞ᇱԡ࢞ି࢞ᇲԡஸԡఋ࢞ԡ Ǥ  (1.1) 
We rewrite now Eq. (1.1) in the form 
 ௧ܲሺ࢞ǡ ߜ࢞ǡ ࢞଴Ǣ ԰ǡ ߝሻ ൌ ଵሺଶగሻ೏Ȁమԡఋ࢞ԡ೏ ׬ ȁȲఌሺ࢞ᇱǡ ݐǡ ࢞଴Ǣ ԰ሻȁଶ ൤െ
ฮ࢞ି࢞ᇲฮమ
ԡఋ௫ԡమ ൨ ݀࢞ᇱԹ೏ Ǥ (1.2) 
Definition 1.1. [8]. We define well localized Colombeau limiting quantum trajectories ࢗሺݐሻ ൌ
ࢗሺݐǡ ࢞଴ሻ ൌ ሼݍଵሺݐǡ ࢞଴ሻǡ ǥ ǡ ݍௗሺݐǡ ࢞଴ሻሽ א Թௗǡ ࢗሺͲǡ ࢞଴ሻ ൌ ࢞଴ǡ ݐ א ሾͲǡ ܶሿ by 
ቀԡఋࢗሺ௧ሻԡ՜଴԰՜଴ ௧ܲሺࢗሺݐሻǡ ߜࢗሺݐሻǡ ࢞଴Ǣ ԰ǡ ߝሻቁఌ ൌ ͳ and well localized limiting quantum trajectories 
ࢗሺݐሻ ൌ ࢗሺݐǡ ݔ଴ሻ ൌ ሼݍଵሺݐǡ ݔ଴ሻǡ ǥ ǡ ݍௗሺݐǡ ݔ଴ሻሽ א Թௗǡ ࢗሺͲǡ ࢞଴ሻ ൌ ࢞଴ǡ ݐ א ሾͲǡ ܶሿ by  
 ఌ՜଴ԡఋࢗሺ௧ሻԡ՜଴԰՜଴ ௧ܲሺࢗሺݐሻǡ ߜࢗሺݐሻǡ ࢞଴Ǣ ԰ǡ ߝሻ ൌ ͳǤ (1.3) 
2.Colombeau solutions of the Schrödinger equation and corresponding path integral 
representation 
Let H be a complex infinite dimensional separable Hilbert space, with inner product ൏ڄǡڄ൐ and norm 
ȁ ڄ ȁǤ  
Let us consider Schrödinger equation:  
 െ݅԰ ቀడஏሺ௧ሻడ௧ ቁ ൅ ܪ෡ሺݐሻȲሺݐሻ ൌ ͲǡȲሺͲሻ ൌ Ȳ଴ሺݔሻǡ ܪሺݐሻ ൌ െቀ
԰మ
ଶ௠ቁȟ ൅ ܸሺݔǡ ݐሻǤ (2.1) 
Here operator Hሺݐሻǣ Թ ൈ ۶ ՜ ۶ is essentially self-adjoint, ܪ෡ሺݐሻ is the closure of Hሺݐሻ. 
Theorem 2.1. [9]. Assume that: (1) Ȍ΋(x)אL΍(Թௗ),(2)ܸሺݔǡ ݐሻ is continuous and 
௫אԹ೏ǡ௧אሾ଴ǡ்ሿȁܸሺݔǡ ݐሻȁሻ ൏ ൅Ǥ Then corresponding solution of the Schrödinger equation (2.1) exists 
and can be represented via formula    
Ȳሺݐǡ ݔሻ ൌ ௡՜ஶ ቀ ௡௠ସగ௜௧԰ቁ
ௗሺ௡ାଵሻȀଶ ׬ ǥ׬ ݀ݔ଴݀ݔଵ ǥ݀ݔ௡Ȳ଴ሺݔ଴ሻԹ೏Թ೏ ቂ
௜
԰ ܵሺݔ଴ǡ ݔଵǡ ǥ ǡ ݔ௡ǡ ݔ௡ାଵǢ ݐሻቃǡ (2.2) 
where we have set ݔ௡ାଵ ൌ ݔ and ܵሺݔ଴ǡ ݔଵǡ ǥ ǡ ݔ௡ǡ ݔ௡ାଵǢ ݐሻ ൌ σ ቂ௠ସ
ȁ௫೔శభି௫೔ȁమ
ሺ௧Ȁ௡ሻమ െ ሺݔ௜ାଵǡ ݐ௜ሻቃ௡௜ୀଵ ǡ where 
ݐ௜ ൌ ௜௧௡Ǥ Let ݍ௡ሺݐሻ be a trajectory; that is, a function from ሾͲǡ ݐሿԹௗ with ݍ௡ሺͲሻ ൌ ݔ଴ and set 
ݍ௡ሺݐ௜ሻ ൌ ݔ௜ǡ ݅ ൌ ͳǡ Ǥ Ǥ Ǥ ǡ ݊ ൅ ͳǤ 
Trotter and Kato well known classical results give a precise meaning to the Feynman integral when the 
potential Vሺݔǡ ݐሻ is sufficiently regular [9]. However if potential Vሺݔǡ ݐሻ is a non-regular this is well 
known problem to represent solution of the Schrödinger equation (2.1)-(2.2) via formula (2.3), see [9]. 
We avoided this difficulty using contemporary Colombeau framework. Using replacement ݔ௜ ՜௫೔
ଵାఌమೖȁ௫ȁమೖ ǡ ߝ א ሺͲǡͳሿǡ݇ ൒ ͳ we obtain from potential Vሺݔǡ ݐሻ regularized potential  ఌܸሺݔǡ ݐሻǡ ߝ א ሺͲǡͳሿǡ 
such that ఌܸୀ଴ሺݔǡ ݐሻ ൌ ܸሺݔǡ ݐሻ and 
(i) ൫ ఌܸሺݔǡ ݐሻ൯ఌ א ܩ൫Թௗ൯, (ii) ௫אԹ೏ǡ௧אሾ଴ǡ்ሿȁ ఌܸሺݔǡ ݐሻȁሻ ൏ ൅ǡ ߝ א ሺͲǡͳሿǤ   
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Here ܩ൫Թௗ൯ Colombeau algebra of Colombeau generalized functions [8]. Finally we obtain 
regularized Schrödinger equation of Colombeau form [8]  
 െ԰ ቀபஏ಍ሺ୲ሻப୲ ቁக ൅ ቀ෡கሺሻȲகሺሻቁக ൌ Ͳǡ ൫ȲகሺͲሻ൯க ൌ Ȳ଴ሺሻǡ கሺሻ ൌ െቀ
԰మ
ଶ୫ቁȟ ൅ கሺǡ ሻǤ     (2.3) 
Using the inequality Theorem 2.1 asserts again that corresponding solution of the Schrödinger 
equation exists and can be represented via formula [8]: 
൫Ȳఌሺݐǡ ݔሻ൯ఌ ൌ ൬௡՜ஶ ቀ
௡௠
ସగ௜௧԰ቁ
ௗሺ௡ାଵሻȀଶ ׬ ǥ׬ ݀ݔ଴݀ݔଵ ǥ݀ݔ௡Ȳ଴ሺݔ଴ሻԹ೏Թ೏ ቂ
௜
԰ ܵఌሺݔ଴ǡ ݔଵǡ ǥ ǡ ݔ௡ǡ ݔ௡ାଵǢ ݐሻቃ൰ఌ, (2.4) 
where we have set ݔ௡ାଵ ൌ ݔ and ܵఌሺݔ଴ǡ ݔଵǡ ǥ ǡ ݔ௡ǡ ݔ௡ାଵǢ ݐሻ ൌ σ ቂ௠ସ
ȁ௫೔శభି௫೔ȁమ
ሺ௧Ȁ௡ሻమ െ ఌܸሺݔ௜ାଵǡ ݐ௜ሻቃ௡௜ୀଵ ǡ 
where we have set ݐ௜ ൌ ௜௧௡Ǥ 
3.Exact quasi-classical asymptotic beyond Maslov canonical operator 
Theorem 3.1. Let us consider Cauchy problem with initial data Ȍ଴ሺݔሻ is given via formula
Ȍ଴ሺݔሻ ൌ ఎ
೏Ȁర
ሺଶగሻ೏Ȁర԰೏Ȁర  ቂെ
ఎሺ௫ି௫బሻమ
ଶ԰ ቃǡ where Ͳ ൏ ԰ ا ߟ ا ͳ and ݔଶ ൌ ۃݔǡ ݔۄ. 
(1) We assume now that: (i) ൫ ఌܸሺݔǡ ݐሻ൯ఌ א ܩ൫Թௗ൯, (ii) ఌܸୀ଴ሺݔǡ ݐሻ ൌ ܸሺݔǡ ݐሻǣ Թା ൈ Թௗ ՜ Թ and  
(iii) ׊ݐ א Թା function ܸሺݔǡ ݐሻ is a polynomial on variable ݔ ൌ ሺݔଵǡ ǥ ǡ ݔௗሻ, i.e. 
ܸሺݔǡ ݐሻ ൌ෍ ݃ఈሺݐሻݔఈԡఈԡஸ௠ ǡ ߙ ൌ ሺ݅ଵǡ ǥ ǡ ݅ௗሻǡ ݔ
ఈ ൌ ݔଵ௜భ ൈ ǥൈ ݔௗ௜೏ǡ ԡߙԡ ൌ෍ ݅௥
ௗ
௥ୀଵ
Ǥ 
(2) Let ݑሺ߬ǡ ݐǡ ߣǡ ݔǡ ݕሻ ൌ ൫ݑଵሺ߬ǡ ݐǡ ߣǡ ݔǡ ݕሻǡ ǥ ǡ ݑௗሺ߬ǡ ݐǡ ߣǡ ݔǡ ݕሻ൯ be the solution of the boundary 
problem 
డమ௨౐ሺఛǡ௧ǡఒǡ௫ǡ௬ሻ
డఛమ ൌ ሾܸሺߣǡ ߬ሻሿݑ୘ሺ߬ǡ ݐǡ ߣǡ ݔǡ ݕሻ ൅ ሾܸᇱሺߣǡ ߬ሻሿ୘ǡ ݑሺͲǡ ݐǡ ߣǡ ݔǡ ݕሻ ൌ ݕǡ ݑሺݐǡ ݐǡ ߣǡ ݔǡ ݕሻ ൌ ݔǤ (3.1)
Here ߣ ൌ ሺߣଵǡ ǥ ǡ ߣௗሻ א Թௗǡ ݑ୘ሺ߬ǡ ݐǡ ߣǡ ݔǡ ݕሻ ൌ ൫ݑଵሺ߬ǡ ݐǡ ߣǡ ݔǡ ݕሻǡ ǥ ǡ ݑௗሺ߬ǡ ݐǡ ߣǡ ݔǡ ݕሻ൯୘ǡ    
ܸ ƍሺߣǡ ߬ሻ ൌ ൬ቂడ௏ሺ௫ǡ௧ሻడ௫భ ቃ௫ୀఒ ǡ ǥ ǡ ቂ
డ௏ሺ௫ǡ௧ሻ
డ௫೏ ቃ௫ୀఒ൰ and ሾܸሺߣǡ ߬ሻሿ ൌ ൤
డమ௏ሺ௫ǡ௧ሻ
డ௫೔డ௫ೕ ൨௫ୀఒ. 
(3) Let ሺݐǡ ߣǡ ݔǡ ݕሻ be the master action given by formula 
 ሺݐǡ ߣǡ ݔǡ ݕሻ ൌ ׬ ܮሺݑሶ ሺ߬ǡ ݐǡ ߣǡ ݔǡ ݕሻǡ ݑሺ߬ǡ ݐǡ ߣǡ ݔǡ ݕሻǡ ߬ሻ௧଴ ݀߬ǡ (3.2) 
where master Lagrangian ܮሺݑሶ ǡ ݑǡ ߬ሻ are 
ܮሺݑሶ ǡ ݑǡ ߬ሻ ൌ ݉ʹ ݑሶ
ଶሺ߬ǡ ݐǡ ߣǡ ݔǡ ݕሻ െ ෠ܸሺݑሺ߬ǡ ݐǡ ߣǡ ݔǡ ݕሻǡ ߬ሻǡ ݑሶ ൌ ൬߲ݑଵ߲߬ ǡ ǥ ǡ
߲ݑௗ
߲߬ ൰ ǡ ݑሶ
ଶ ൌ ۃݑሶ ǡ ݑሶ ۄǡ 
 ෠ܸ ൫ሺ߬ǡ ݐǡ ߣǡ ݔǡ ݕሻǡ ߬൯ ൌ ݑሺ߬ǡ ݐǡ ߣǡ ݔǡ ݕሻሾܸሺߣǡ ߬ሻሿݑ୘ሺ߬ǡ ݐǡ ߣǡ ݔǡ ݕሻ ൅ ܸᇱሺߣǡ ߬ሻݑ୘ሺ߬ǡ ݐǡ ߣǡ ݔǡ ݕሻǤ (3.3) 
Let ݕ௖௥ ൌ ݕ௖௥ሺݐǡ ߣǡ ݔሻ א Թௗ be the solution of the linear system of algebraic equations 
 ቂడୗሺ௧ǡఒǡ௫ǡ௬ሻడ௬೔ ቃ௬ୀ௬೎ೝ
ൌ Ͳǡ ݅ ൌ ͳǡǥ ǡ ݀. (3.4) 
(4) Let ݔො ൌ ݔොሺݐǡ ߣǡ ݔ଴ሻ א Թௗ be the solution of the linear system of algebraic equations 
 ݕ௖௥ሺݐǡ ߣǡ ݔොሻ ൅ ߣ െ ݔ଴ ൌ ͲǤ (3.5) 
Assume that for a given values of parameters ݐǡ ߣǡ ݔ଴ the point ݔො ൌ ݔොሺݐǡ ߣǡ ݔ଴ሻ is not a focal point on a 
corresponding trajectory is given by corresponding solution of the boundary problem (3.1). Then for 
the limiting quantum average given via formulae (1.1) the inequality is satisfied:  
԰՜଴
ఌ՜଴
ȁۃ݅ǡ ݐǡ ݔ଴Ǣ ԰ۄ െ ߣ௜ȁ ൑ ʹ ቂቚܵ௬೎ೝ௬೎ೝ ቀݐǡ ߣǡ ݔොሺݐǡ ߣǡ ݔ଴ሻǡ ݕ௖௥൫ݐǡ ߣǡ ݔොሺݐǡ ߣǡ ݔ଴ሻ൯ቁቚቃ
ିଵ ȁݔො௜ሺݐǡ ߣǡ ݔ଴ሻȁǡ (3.6) 
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݅ ൌ ͳǡǥ ǡ ݀Ǥ Thus one can to calculate the limiting quantum trajectory corresponding to potential 
ܸሺݔǡ ݐሻ by using transcendental master equation 
 ݔො௜ሺݐǡ ߣǡ ݔ଴ሻ ൌ Ͳǡ ݅ ൌ ͳǡǥ ǡ ݀Ǥ (3.7) 
4.Quantum anharmonic oscillator with a cubic potential supplemented by additive sinusoidal 
driving
In this subsection we calculate exact quasi-classical asymptotic for quantum anharmonic oscillator 
with a cubic potential supplemented by additive sinusoidal driving. Using theorem 3.1 we obtain 
corresponding limiting quantum trajectories given by Eq. (1.3). Let us consider quantum anharmonic 
oscillator with a cubic potential ܸሺݔሻ ൌ ሺ݉߱ଶȀʹሻݔଶ െ ܽݔଷ ൅ ܾݔǡ ݔ א Թǡ ܽǡ ܾ ൐ Ͳ supplemented by 
an additive sinusoidal driving, i.e. ܸሺݔǡ ݐሻ ൌ ሺ݉߱ଶȀʹሻݔଶ െ ܽݔଷ ൅ ܾݔ െ ሾܣሺȍݐሻሿݔǤ The 
corresponding master Lagrangian is given by (3.3), is 
 
ܮሺݑሶ ǡ ݑǡ ߬ሻ ൌ ሺ݉Ȁʹሻݑሶ ଶ െ ݉ሺ߱ଶȀʹ ൅ ͵ܽߣȀ݉ሻݑଶ െ ሺ݉߱²ߣ ൅ ͵ܽߣ² െ ܾ െ ܣሺȍݐሻሻݑǤ 
 
We assume now that ߱ଶȀʹ ൅ ͵ܽߣȀ݉ ൒ Ͳ and rewrite ܮሺݑሶ ǡ ݑǡ ߬ሻ in the form ܮሺݑሶ ǡ ݑǡ ߬ሻ ൌ ሺ݉Ȁʹሻݑሶ ; െ
ሺ݉߸;ߣȀʹሻݑ; ൅ ݃ሺߣǡ ݐሻݑǡ where ߸ሺߣሻ ൌ ඥʹȁ߱ଶȀʹ ൅ ͵ܽߣȀ݉ȁ and ݃ሺߣǡ ݐሻ ൌ െሾ݉߱²ߣ ൅ ͵ܽߣ²െ
ܾ െ ܣሺȍ ή ݐሻሿǤ  
Therefore corresponding master action ሺݐǡ ߣǡ ݔǡ ݕሻ given by Eq. (3.2) is        
 
ሺݐǡ ߣǡ ݔǡ ݕሻ ൌ ݉߸ʹ߸ݐ ሾሺ߸ݐሻሺݕ² ൅ ݔ²ሻ െ ʹݔݕ ൅
ʹݔ
݉߸න ݃ሺߣǡ ߬ሻ ሺ߸߬ሻ
௧
଴
݀߬ ൅ 
൅ ଶ௬௠ధ ׬ ݃ሺߣǡ ߬ሻ ሺ߸ሺݐ െ ߬ሻሻ
௧
଴ ݀߬ െ
ଶ
௠మధమ ׬ ׬ ݃ሺߣǡ ߬ሻ݃ሺߣǡ ݏሻ߸ሺݐ െ ߬ሻ ሺ߸ݏሻ
ఛ
଴ ݀ݏ݀߬
௧
଴ ሿǤ (4.1) 
 
The linear system of algebraic equations (3.4) is  
 
߲ܵሺݐǡ ߣǡ ݔǡ ݕሻ
߲ݕ ൌ ʹݕ߸ݐ െ ʹݔ ൅ ሺʹȀ݉߸ሻන ݃ሺߣǡ ݐሻሺሺ߸ሺݐ െ ߬ሻሻ݀߬ ൌ Ͳ
௧
଴
Ǥ 
Therefore 
 ݕ௖௥ሺݐǡ ߣǡ ݔሻ ൌ ௫ୡ୭ୱధ௧ െ
ଵ
௠ధୡ୭ୱధ௧ ׬ ݃ሺߣǡ ݐሻ൫ሺ߸ሺݐ െ ߬ሻ൯݀߬
௧
଴ .    (4.2) 
The linear system of algebraic equations (3.5) is 
 ௫ୡ୭ୱధ௧ െ
ଵ
௠ధୡ୭ୱధ௧ ׬ ݃ሺߣǡ ݐሻ൫ሺ߸ሺݐ െ ߬ሻ൯݀߬
௧
଴ ൅ ߣ െ ݔ଴ ൌ ͲǤ   (4.3) 
Then the solution of the linear system of algebraic equations (3.5) is 
 ݔොሺݐǡ ߣǡ ݔ଴ሻ ൌ ଵ௠ధ ׬ ݃ሺߣǡ ݐሻ൫ሺ߸ሺݐ െ ߬ሻ൯݀߬
௧
଴ ൅ ሺߣሺݐሻ െ ݔ଴ሻ߸ݐǤ (4.4) 
Transcendental master equation (3.7) is 
 ଵ௠ధ ׬ ݃ሺߣሺݐሻǡ ݐሻ൫ሺ߸ሺݐ െ ߬ሻ൯݀߬
௧
଴ ൅ ሺߣሺݐሻ െ ݔ଴ሻ߸ݐ ൌ Ͳ. (4.5) 
Finally from Eq. (4.5) one obtains 
 ݀൫ߣሺݐሻ൯ ቀୡ୭ୱሺధ௧ሻధ െ
ଵ
ధቁ ൅
஺൫ధୱ୧୬ሺఆ௧ሻିஐୱ୧୬ሺధ௧ሻ൯
ధమିఆమ െ ሺߣሺݐሻ െ ݔ଴ሻ݉߸ሺ߸ݐሻ ൌ Ͳǡ (4.6) 
where ݀ሺߣሻ ൌ ݉߱²ߣ ൅ ͵ܽߣ²െ ܾǤ 
Ǥݔ΋ ൌ Ͳǡ݉ ൌ ͳǡ ȳ ൌ Ͳǡ߱ ൌ ͻǡ ܽ ൌ ͵ǡ ܾ ൌ ͳͲǡ ܣ ൌ ͲǤ
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Figure 1. Limiting quantum trajectory ߣሺݐሻ with a jump.
 
Figure 2. Limiting quantum trajectory ߣሺݐሻ with a jump.
5.Conclusion 
We pointed out that there exist limiting quantum trajectories given via Eq. (1.3) with a jump. Such 
jumps does not depend on any single measurement of particle position ݍሺݐሻ at instant ݐ and obtained 
without any reference to a phenomenological master-equation of Lindblad form. An axiom of quantum 
mechanics is that we cannot predict the result of any single measurement of an observable of a 
quantum mechanical system in a superposition of eigenstates. However we can predict the result of 
any single measurement of particle position ݍሺݐሻ at instant ݐ with a probability ܲሺݐǡ ݍǡ ߜݍሻ ؆ ͳ if the 
condition is valid: ఌ՜଴ԡఋ௤ሺ௧ሻԡ՜଴԰՜଴ ௧ܲሺݍሺݐሻǡ ߜݍሺݐሻǡ ݔ଴Ǣ ԰ǡ ߝሻ ൌ ͳǡ where 
௧ܲሺݍሺݐሻǡ ߜݍሺݐሻǡ ݔ଴Ǣ ԰ǡ ߝሻ given via Eq. (1.2). Complete explanation is given in our preprint [8].  
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